If G is a locally compact groupoid with a Haar system λ, then a positive definite function p on
In the locally compact groupoid case, a representation of such a groupoid is defined by a Hilbert bundle. Jean Renault in [8] showed that, as in the group case, integrating up such a representation with respect to the left Haar system gives a * −representation of C c (G), the Hilbert space of the representation of C c (G) is the space of square integrable section of the Hilbert bundle. Renault also showed that all representations of C c (G) are obtained in this way.
The set of positive definite functions on a locally compact groupoid G with a left Haar system λ is defined by Arlan Ramsay and Martin E. Walter in [10] and for measured groupoids is by Jean Renault in [9] . In this paper the set of positive definite function of a measured groupoid (G, λ, µ) is denoted by P µ (G). If (G, λ, µ) is a measured groupoid and L is a representation of G on a Hilbert bundle H and ξ is a section in L ∞ (G 0 , H), then p(x) = L(x)ξ(d(x)), ξ(r(x))
defines an element of P µ (G). Conversely if p ∈ P µ (G), then there exists a representation L of G on a Hilbert bundle H and a section ξ ∈ L ∞ (G 0 , H) such that p(x) = L(x)ξ(d(x)), ξ(r(x))
[9, Theorem 1.1] and [10] .
In Section 2 of this paper we prove that if µ is a quasi invariant ergodic measure on G 0 , then two corresponding representations of G and C c (G) are irreducible in the same time. In section 3 for quasi invariant measure µ we introduce a subset of P µ (G) which is denoted by P µ 1 (G). After proving some necessary lemma and by using the theory of positive linear functionals on C * (G), when µ is an ergodic quasi invarianr measure we prove that if p is an element of P µ 1 (G) and is an extreme point of P µ 1 (G), then the corresponding representation to p is irreducible, and conversely if µ is an ergodic quasi invariant measure on G 0 and L is an irreducible representation of G on a Hilbert bundle H = (G 0 , {H u }, µ) and ξ ∈ H(µ) is a square integrable section with norm one, then p(x) = L(x)ξ(d(x)), ξ(r(x)) for x ∈ G is an extreme point of P µ 1 (G).
Preliminaries
The reader who is unfamiliar with groupoids will find the definiteion of a groupoid and also topological, locally compact groupoid in [6] , [8] . Throughout the paper we shall use the definiteion of a locally compact groupoid given by Alan L.T.Paterson in [6, P.31].
We just indicate that the range and domain maps on G are r :
is the unit space of G. Each of the maps r, d fibers the groupoid G over G 0 with fibers
A left Haar system for a locally compact groupoid G is a family λ = {λ u } (u ∈ G 0 ), where each λ u is a positive regular Borel measure on G u , with support equal to G u . In addition, for
Two positive measures µ and µ ′ are called equivalent if each one is absolutely continuous with respect to the other, and in this case we write µ ∼ µ ′ .
For any topological space X we denote by B(X) the σ− algebra of Borel subsets of X.
For a locally compact groupoid G with a left Haar system λ if µ is a probability measure on G 0 then µ and λ determine two regular Borel positive measures ν and ν −1 on B(G) with 
87]).
We denoted by Q the set of all quasi invariant measure on
, which is a subgroupoid and ν−conull, is called inessential reduction of G.
Throughout the paper we shall use the theory of Hilbert bundles given by Dixmier in [2, Part II]. Definiteion 1.1 A Hilbert bundle H is a triple such as (X, {H u }, µ). Here X is a (second countable) locally compact Hausdorff space and µ is a probability measure on X and H u is a Hilbert space for every u ∈ X. A section of a Hilbert bundle H is a function f : X → u∈X H u where f (u) ∈ H u . There is also a linear subspace S consisting of sections which are called µ−measurable and there exists a sequence (ξ 1 , ξ 2 , ξ 3 , . . .) of elements of S such that, for every
is defined in the obvious way as the space of equivalence classes of measurable sections f for which the function u → f (u) 2 2 is µ− integrable. The space H(µ) with the inner product 
The space of continuous functions with compact support is denoted by C c (G). The space C c (G) with . I and involution f
given by : 
is defined to be ([8, P.58]) the C * −algebra of G denoted C * (G).
Let µ ∈ Q and H = (G 0 , {H u }, µ) be a Hilbert bundle, and T be a section u → T (u) ∈ B(H u ) of bounded linear operators, then the section T is called measurable if for each measurable section ξ, the section T ξ defined by (T ξ)(u) = T (u)ξ(u) is measurable. Also the section
T is called essentially bounded if the essential sup u → T (u) is finit. A linear operator
T : H(µ) → H(µ) is called decomposable if it is defined by an essentially bounded measurable section of bounded operators u → T (u) ∈ B(H u ). In this case we write
where
be the set of all Complex valued µ−measurable essential bounded function on G 0 , in which we identify two functions that are equal almost everywhere, and C 0 (G 0 )
be the set of complex-valued function on G 0 which are continuous and vanish at infinity. Also
is a measurable and essentially bounded, where I(u) is the identity operator of H u . We denote by T f the corespondence operator on
Lemma 1.4 (Dixmear page 187) Let µ ∈ Q and (G 0 , {H u }, µ) be a Hilbert bundle and T :
then T is a decomposable operator.
able it is necessary and sufficient that it commute with the diagonalisable operators.
Since for a locally compact groupoid G, the set of units, G 0 is σ− compact set therefor by [Dixmier, P.188] we have the following Lemma.
is a bounded linear operator and T U = U T for each U ∈ Y, then T is a decomposable operator.
2 Hilbert bundle with ergodic measure on G We refer the reader for the definiteion of Hilbert subbundle to [2, P 173].
Definiteion 2.2 Let µ ∈ Q and L be a representation of G on a Hilbert bundle
Remark 2.3 When M is a Hilbert subbunle, then the section u → P (u) ∈ B(H u ) is a bounded measurable section of projections, where P (u) is the projection corresponding to M u [2, P. 173].
Working with fundamental sequence we can show that if M is a nontrivial Hilbert subbundle, then there exists two nonzero sections ξ, η ∈ H(µ), 
is a Hilbert subbundle, where
and is obviously nontrivial. It is easy to check that it is invariant under L. Therefore when we talk about an irreducible representation, µ must be an ergodic measure. Also when µ is an ergodic measure, then a Hilbert subbundle (
We will to show that if µ ∈ Q is an ergodic measure and L is a representation of G on a
be a Hilbert bundle, P ∈ H(µ) be a decomposable projection and P = T (u)dµ(u), then T (u) is a projection for µ. a.e u ∈ G 0 .
Proof.
Suppose that M is the closed subspace corresponding to P . Therefore ξ ∈ M if and only if P ξ = ξ. Since (P ξ)(u) = T (u)ξ(u) for µ. a.e u ∈ G 0 , so ξ ∈ M if and only if T (u)ξ(u) = ξ(u) for µ. a.e u ∈ G 0 . Put M u = closed linear span {ξ(u) : ξ ∈ M } and let {ξ n } ∞ n=1 be a fundamental sequence for H. Since P ξ n ∈ M , so T (u)(ξ n (u)) ∈ M u µ.a.e. We can find a µ−conull set F ⊂ G 0 with T (u)(ξ i (u)) ∈ M u for u ∈ F and i ∈ N. Since {ξ n (u)} ∞ n=1 spans a dence subspace of H u , we have T (u)H u ⊆ M u for u ∈ F . Now let u ∈ F and x ∈ M u , then there exists a sequence ξ k (u) such that ξ k ∈ M and ξ k (u) → x. If E ⊆ G 0 be a µ− conull set which T (u)ξ k (u) = ξ k (u) for u ∈ E and k = 1, 2, 3 . . ., then for u ∈ E ∩ F ,
So for u ∈ E ∩ F , T (u)x = x and therefore T (u) is the projection corresponding to M u for µ. a.e u ∈ G 0 .
Remark 2.7 [8, p.59] If g is a bounded continuous function on G 0 and f ∈ C c (G), we define
Theorem 2.8 Let µ ∈ Q be an ergodic measure and L be a representation of G on a Hilbert
Proof.
, where P M is the projection corresponding to M . Let g ∈ C 0 (G 0 ) and {f α } be an approximate identity for
Hence by Lemma 1.3 P M is decomposable, and by Lemma 2.6,
for all elements u in a µ− conull set E. If we put M u = P (u)H u for u ∈ E, then it is easy to 
Theorem 2.9 Let µ ∈ Q be an ergodic measure and L be a reducible representation of G on a
is a reducible representation of C * (G).
Suppose that M = (G 0 , {M u }, µ) is a nontrivial invariant Hilbert subbundle for the representation L, then by Remark 2.3 M(µ) is a nontrivial closed subspace of H(µ). We
Definiteion 2.10 Suppose L and L ′ are two representations of a locally compact groupoid G associated with two Hilbert bundles
and
In the proof theorem [2.8] we shown that if g is a bounded continuous function on
every continuous bounded function on G 0 , hence by Lemma 1.6 T is decomposable, that is there
3 Positive definite functions and irreducibility Definiteion 3.1 Let G be a locally compact groupoid with a Haar system λ and µ ∈ Q. We denote by P µ (G) the set of all ν−measurable functions p on G which satisfy for every f ∈ C c (G),
f (x)f (y)p(y −1 x)dλ u (x)λ u (y) ≥ 0 µ a.e u ∈ G 0 .
We also put P(G) = µ∈Q P µ (G).
An element of P(G) is called positive definite function.
Two elements p 1 and p 2 of P(G) are equivalent and we write p 1 ∼ p 2 , if p 1 ∈ P µ1 (G), p 2 ∈ P µ2 (G)) with µ 1 ∼ µ 2 and p 1 (x) = p 2 (x)ρ(d(x))ρ(r(x)) ν a.e x ∈ G, where ρ is a positive function such that ρ 2 (u) = We are interested to the elements p of P(G) which are of the form p(x) = L(x)ξ(d(x)), ξ(r(x)) for some representation L of G on a Hilbert boundel H with ξ ∈ H(µ). we denote by P µ 1 (G) the set of all complex valued functions p on G which are of the form p(x) = L(x)ξ(d(x)), ξ(r(x)) , where ξ ∈ H(µ) and ξ = 1 and we put P 1 (G) = and ξ ∈ H(µ), then p(x) = L(x)ξ(d(x)), ξ(r(x)) defines an element of P µ (G), therefore
